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•

•



𝑡

𝒙
(𝑡
)

……



𝑡

𝒙
(𝑡
)

……

𝑡

𝑆
(𝒙
)

…

𝛾



𝑡

𝒙
(𝑡
)

……

𝑡

𝑆
(𝒙
)

…

𝛾

𝑆 𝒙 > 𝛾



𝜙0 𝜙1



𝝓𝟎 𝝓𝟏

𝑇𝑅

• 𝑇𝑅

•

𝑇𝑅.

• 𝑇𝑅



𝝓𝟎 𝝓𝟏

𝑇𝑅

• 𝑇𝑅

•

𝑇𝑅.

• 𝑇𝑅



𝝓𝟎 𝝓𝟏

𝑇𝑅

• 𝑇𝑅

•

𝑇𝑅.

• 𝑇𝑅



𝑇𝑅

𝑇𝑅 = 𝑥 𝑡 , 𝑡 < 𝑡0, 𝑥 ∼ 𝜙0

•

𝑇𝑅

•

• 𝑇𝑅

• 𝑇𝑅



𝑇𝑅

𝑇𝑅 = 𝑥 𝑡 , 𝑡 < 𝑡0, 𝑥 ∼ 𝜙0



𝜙0
𝑇𝑅 = 𝑥 𝑡 , 𝑡 < 𝑡0, 𝑥 ∼ 𝜙0

•

•

• 𝜙0 𝒙 < 𝜂



• 𝜙0 𝒙

•

𝑇𝑅

•

•

• 𝑑

•



𝜙0

𝜙0 𝑇𝑅

ℒ 𝒙 𝑡 = log( 𝜙0(𝒙(𝑡)))

ℒ 𝒙 𝑡 , 𝑡 = 1,…

𝑡

𝒙
(𝑡
)

ℒ
𝒙
𝑡

………



𝜙0

𝜙0 𝑇𝑅

ℒ 𝒙 𝑡 = log( 𝜙0(𝒙(𝑡)))

ℒ 𝒙 𝑡 , 𝑡 = 1,…





𝑓

𝑓 𝐹

𝜓(𝒙) 𝒙 𝑓

𝑓 𝒙 = sign(< 𝑤,𝜓 𝒙 > −𝜌)

𝑤, 𝜌

𝒙



𝜓(𝒙) 𝒙 ∈ 𝑇𝑅



𝝓𝟎 𝝓𝟏

𝑇𝑅

• 𝑇𝑅

•

𝑇𝑅.

• 𝑇𝑅



𝑇𝑅

𝑇𝑅 = 𝑥 𝑡 , 𝑡 < 𝑡0

𝑇𝑅

•

•



• 𝒌 −

•



• 𝒌 −

•

•



• 𝒌 −

•

•





𝑥𝑖



𝑥𝑖



𝑥𝑖

𝑇𝑅
𝑖

















𝑥0

𝑥𝑖



{ [ … 
]

𝑥0



{ [ … ]

𝑥𝑖



𝐸 ℎ 𝒙

𝒙

𝒙



𝒜 𝒙 = 2
−
𝐸 ℎ 𝒙

𝑐 𝑛 > 𝛾

• 𝑛 𝑇𝑅

• 𝑐 𝑛























𝒔

𝜙0 = 𝒩 𝜇, Σ

2 × 2
5 × 5



𝒔

𝜙0 = 𝒩 𝜇, Σ



𝒔

𝜙0 = 𝒩 𝜇, Σ



𝒔

𝜙0 = 𝒩 𝜇, Σ

𝜙0(𝒔) 𝒔



2 × 2
5 × 5





•

•





𝒔 ∈ ℝ𝑑 𝒙

• 𝑑

•



𝒔 ∈ ℝ𝑑 𝒙

• 𝑑

•



𝒔 ∈ ℝ𝑑 𝒙
• 𝑑

•



•

•













𝜙0 = 𝒩 𝜇, Σ





• ℳ

• err 𝒔 , ℒ 𝒔 ,𝒜 𝒔 ,…

• err 𝒔 ≷ 𝛾



𝜙0



𝜙0



𝜙0



𝜙0



𝜙0

𝐴𝑅𝐿0



•

•



•

•

•

•

•

•



•

•

•

•

•

•



•



•

•

•

•

•

•



ℳ

• ℳ 𝑇𝑅

•

• 𝒔 ℳ

• 𝒔

ℳ



•

•

•

•

•



𝑠1

𝑠𝑑

𝑠2

𝑠3

𝑠4

𝑠1

𝑠𝑑

𝑠2

𝑠3

𝑠4

𝑑 𝑑

𝑛
n ≪ 𝑑

ℰ 𝒟





𝒔∈𝑆

𝒔 − 𝒟 ℰ 𝒔
2

𝒟 ℰ ⋅

• 𝑛 ≪ 𝑑.

•



𝒟(ℰ(⋅)) 𝑇𝑅

err 𝒔 = 𝒔 − 𝒟 ℰ 𝒔
2
, 𝒔 ∈ 𝑉

𝑉 ≠ 𝑇𝑅 𝛾

err 𝒔 = 𝒔 − 𝒟 ℰ 𝒔
2

𝒔 err 𝒔 > 𝛾



𝑠 𝑠

ො𝒔
𝒔

ො𝒔
𝒔



err(𝒔)
𝓜

err(𝒔)

𝑡

er
r(
𝒔)

……

𝜙1𝜙0 𝜙0

𝛾



•

•

•

•

•

•



• 𝑇𝑅

•



•

•

• ℓ1

•

•



•

•

• ℓ1

•

•



𝒙 = 𝑃𝑇𝒔, 𝑃 ∈ ℝ𝑚×𝑑 , 𝑚 ≪ 𝑑
𝑚
𝑚 = 𝑑

•
err 𝐬 = 𝒔 − 𝑃𝑃𝑇𝒔 2

𝒔 𝑃𝑃𝑇𝒔

•

• 𝒙 = 𝑃𝑇𝒔









•

•















ℳ

𝑚 −
TS 𝑚 ≪ 𝑑

𝑇𝑆

𝒔
𝒔′

𝑚

𝑚



𝑚

∀𝒔 ∈ ℝ1,𝑑

𝒔 → 𝒙 = 𝒔 𝑃

𝑃 ∈ ℝ𝑑,𝑚, 𝑚 ≪ 𝑑 𝒙 ∈ ℝ𝑚 𝑚
𝑚



𝒙𝑃𝑇 ∈ ℝ𝑑

err 𝒔 = 𝒔 − 𝒔𝑃𝑃𝑇
2



err 𝒔







𝑆 𝐷

𝐷



𝐷 ∈ ℝ𝑑×𝑚

𝐷 =



𝐷 ∈ ℝ𝑑×𝑚

•

•

𝒔

𝐷 =



𝒔 ∈ ℝ𝑛

𝒔 =

𝑖=1

𝑀

𝛼𝑖 𝒅𝒊

{𝒅𝒊}
𝛼𝑖 = 0

= 0.7 ∗ +0.1 ∗ −0.2 ∗



𝒔 ∈ ℝ𝑛

𝒔 =

𝑖=1

𝑀

𝛼𝑖 𝒅𝒊 = 𝐷𝜶

{𝒅𝒊} 𝜶 0 < 𝐿
𝜶

𝒔 𝜶𝐷
𝜶 = [𝛼1, … , 𝛼𝑀]



𝒔
𝐷

𝜶 = argmin
𝒂∈ℝ𝑛

𝐷𝒂 − 𝑠 2 s. t. 𝒂 0 < 𝐿

𝜶 = [0.7, 0, 0, 0.1, 0, 0, 0, −0.2]

𝒔 ∈ ℝ𝑑 𝜶 ∈ ℝ𝑛

𝒔

0.7 0 0 0.1 0 0 0 −0.2𝜶 =



𝐷 𝑀

∈ ℝ𝑑×𝑛

𝐷, 𝑋 = argmin
𝐴∈ ℝ𝑑×𝑛, 𝑌∈ ℝ𝑛×𝑀

𝐴𝑌 − 𝑆 2 s. t. 𝒚𝒊 0 < 𝐿, ∀𝒚𝒊

𝑆 = {𝒔𝟏, … 𝒔𝑴} 𝐷 ∈ ℝ𝑑×𝑛

… .𝑇
𝑅 𝐷



𝑆 = 𝐷𝑋 + 𝐸 + 𝑉

𝑋 𝑉 𝐸
𝒆𝑖 ≠ 𝟎

𝐷



argmin
𝑋,𝐸

1

2
𝑆 − 𝐷𝑋 − 𝐸 𝐹

2 + 𝜆 𝑋 1 + 𝜇 𝐸 2,1

𝐸





•

•

•

•

•

•



Feature
Extraction

𝒙 𝑡 ∈ ℝ𝑑

𝑑 ≪ 𝑝
𝒔𝑡 ∈ ℝ

𝑝

𝜙0 𝒙 𝑡 ≶ 𝜂



•

•



•

•

𝑇𝑅



•

•

•

•

•

•



𝑠

𝐬𝑐 = {𝑠 𝑐 + 𝑢 , 𝑢 ∈ 𝒰}

•

•

•



•

•

•

•

•

•



𝑠

𝐬𝑐 = {𝑠 𝑐 + 𝑢 , 𝑢 ∈ 𝒰}





𝒔𝑐 𝐷

𝜶 = argmin
𝜶∈ℝ𝑛

𝐷𝜶 − 𝐬 𝟐
𝟐 + 𝜆 𝜶 1, 𝜆 > 0

ℓ1

𝒔 𝑫



err 𝒔 = 𝐷𝜶 − 𝐬 𝟐
𝟐

𝜶 𝟏

𝒙 =
𝐷𝜶 − 𝐬 𝟐

𝟐

𝜶 1





• 𝑇𝑅\𝑉 𝐷

• 𝑉 𝜙0 𝒙

• 𝒙

• 𝜙0 𝒙 < 𝜂



• 𝑇𝑅\𝑉 𝐷

• 𝑉 𝜙0 𝒙

• 𝒙

• 𝜙0 𝒙 < 𝜂







𝑠1

𝑠𝑑

𝑠2

𝑠3

𝑠4

𝑠1

𝑠𝑑

𝑠2

𝑠3

𝑠4

𝑑 𝑑

𝑛
n ≪ 𝑑

ℰ 𝒟



• 𝒟(ℰ(⋅)) 𝑆

• 𝜙0
{ℰ(𝒔), 𝒔 ∈ 𝑉}

𝑉 ≠ 𝑆

• 𝛾 𝜙0(𝒔)

• 𝒔 ℰ

• 𝜙0 ℰ(𝒔) < 𝛾



ℰ(𝒔)
𝜙0.

𝜙1 ≠ 𝜙0

• 𝜙0

• 𝒙 = ℰ(𝒔) 𝜙0 𝒙
< 𝛾

𝑡

𝒙
(𝑡
)

 𝜙
0
𝒙

………

𝛾





•

•





𝒳 → 𝒴

• 𝒟 = {𝒳,𝜙𝒙 } 𝒙 ∼ 𝜙𝒙

• 𝒯 = {𝒴, 𝜙(⋅ |𝒙)}
𝒙



𝒟𝑆 = {𝒳𝑆, 𝜙𝑆} 𝒯𝑆 = {𝒴𝑆, 𝜙𝑆(⋅ |𝒙)}
𝒟𝑇 = {𝒳𝑇 , 𝜙𝑇} 𝒯𝑇 = {𝒴𝑇 , 𝜙𝑇(⋅ |𝒙)}

𝒟𝑆 ≠ 𝒟𝑇 𝒯𝑆 ≠ 𝒯𝑇

𝑲 𝒯𝑇 𝒟𝑇 𝓓𝑺 𝓣𝑺



𝒟𝑆 ≠ 𝒟𝑇

• 𝒳𝑆 ≠ 𝒳𝑇

• 𝜙𝒙
𝑆 ≠ 𝜙𝒙

𝑇

𝒯𝑆 ≠ 𝒯𝑇
• 𝒴𝑆 ≠ 𝒴𝑇

• 𝜙𝑆(𝑦|𝒙) ≠ 𝜙𝑇(𝑦|𝒙) 𝑆 𝑇

𝒟𝑆 = 𝒟𝑇 𝒯𝑆 = 𝒯𝑇



𝒳𝑆≠ 𝒳𝑇

•

•

•



𝜙𝒙
𝑆 ≠ 𝜙𝒙

𝑇 𝒳𝑆= 𝒳𝑇



𝒴𝑆 ≠ 𝒴𝑇



𝜙𝑆(𝑦|𝒙) ≠ 𝜙𝑇(𝑦|𝒙)

𝒟𝑆

𝒟𝑇



𝑇𝑅 = 𝒙0, 𝑦0 , … , 𝒙𝑛, 𝑦𝑛 ∈ 𝒳𝑆× 𝒴𝑆

𝒟𝑆 𝒯𝑆

𝐾
𝒟𝑇 𝒯𝑇



•

𝑇𝑅𝑆 = 𝒙0, 𝑦0 , … , 𝒙𝑛, 𝑦𝑛 ∈ 𝒳𝑆× 𝒴𝑆

𝓓𝑺

𝓣𝑺

•

𝓓𝑻 𝓣𝑻

𝑇𝑅𝑇 = 𝒙0, 𝑦0 , … , 𝒙𝑚, 𝑦𝑚 ∈ 𝒳𝑇× 𝒴𝑇

𝑚 ≪ 𝑛

𝐾 𝓓𝑻 𝓣𝑻



•

𝑇𝑅𝑆 = 𝒙0, 𝑦0 , … , 𝒙𝑛, 𝑦𝑛 ∈ 𝒳𝑆× 𝒴𝑆

𝓓𝑺

𝓣𝑺

• 𝓓𝑻

𝑋𝑇 = 𝒙𝟎, … , 𝒙𝒎 ∈ 𝒳𝑇

𝑚 𝑛

𝐾 𝓓𝑻 𝓣𝑻





•

•







•

•

•



𝒴𝑆 = 𝒴𝑇 𝒳𝑆 = 𝒳𝑇

𝑇𝑅𝑆 ∪ 𝑇𝑅𝑇
𝑇𝑅𝑇 𝑇𝑅𝑇

𝑇𝑅𝑆 𝑇𝑅𝑆 ∪ 𝑇𝑅𝑇



𝑇𝑅𝑆
𝜙𝑆,𝒙 𝜙𝑇,𝒙 𝒳𝑆 𝒳𝑇

𝑤𝑖 =
𝜙𝑇,𝒙 𝑥𝑖
𝜙𝑆,𝒙(𝑥𝑖)

ℒ 𝑇𝑅𝑆 = 

𝑥𝑖∈𝑇𝑅𝑆

𝑤𝑖 𝐼 𝐾 𝒙𝒊 ≠ 𝑦𝑖

𝑇𝑅𝑆 𝑇𝑅𝑆 ∪ 𝑋𝑇 𝑇𝑅𝑆 ∪ 𝑋𝑇



𝒳

•

•

•

•

•



𝐾𝑆 𝑇𝑅𝑆

𝐾𝑆 𝐾𝑇

𝑥𝑖; 𝐾𝑆 𝑥𝑖

𝑇𝑅𝐴

𝒙𝒊 → 𝒙𝒊; 𝒙𝒊; 𝟎 when 𝒙𝒊 from 𝑇𝑅𝑆
𝒙𝒊 → 𝒙𝒊; 𝟎; 𝒙𝒊 when 𝒙𝒊 from 𝑇𝑅𝑇

𝑇𝑅𝑇



𝒳𝑆 𝒳𝑇





Σ𝑆 Σ𝑇



෨𝑋𝑆 = Σ𝑆
−
1
2𝑋𝑆



𝑋𝑆
∗ = Σ𝑇

−
1
2 ෨𝑋𝑆



𝑋𝑆
∗







ℒ = ℒ𝐶𝐿𝐴𝑆𝑆 +

𝑖

𝜆𝑖ℒ𝐶𝑂𝑅𝐴𝐿𝑖

ℒ𝐶𝑂𝑅𝐴𝐿 =
1

4𝑑2
Σ𝑆 − Σ𝑇 𝐹

2











𝜙0 𝜙0
•

•

𝒯

• 𝜙0

• 𝜙1

𝒯

•

•



•

•

(𝑑 > 1) 𝑑 ≫ 1

• 𝜙0 𝜙0

•

•

•



𝜙0
•

•

•

•



𝜙0



𝜙0

𝜙0
•

•

•

•

•

•

•



𝑥 1
(𝑡
)

𝒙
(𝑡
)

…

𝑡

𝑡

…

𝑡

𝑥
2
(𝑡
)

𝑥
𝑑
(𝑡
)



𝜙0 𝜙1

𝑥 1
(𝑡
)

𝒙
(𝑡
)

…

𝑡

𝑡

…

𝑡

𝑥
2
(𝑡
)

𝑥
𝑑
(𝑡
)



𝜙0 → 𝜙1 𝜙0

|
𝒙
|

𝒙
(𝑡
)

…

𝑡

𝑡

…

𝑡

d
is

p
.

…



𝜙0 → 𝜙1 𝜙0

|
𝒙
|

𝒙
(𝑡
)

…

𝑡

𝑡

…

𝑡

d
is

p
.

…



𝑑

• 𝜙0 𝜙0

•

•

•

•
𝑑 > 1

•

•

•





𝜋𝑖 𝑖=1,..,𝐾

𝑇𝑅

𝑇𝑅



𝑗 𝑆1
1 − 𝜋1 𝑗

𝜋
1

𝑆1

𝒳2



𝑆1

𝑆2



𝑆1

𝑆2

𝑆3



𝑆1

𝑆2

𝑆3

𝑆4



𝑆1

𝑆2

𝑆3

𝑆4 𝑆5





𝜋𝑖 1 − 𝜋𝑖





𝑇ℎ(⋅)
ℎ

𝑊 ∼ 𝜙0 𝑇ℎ 𝑊

• 𝑁

• 𝑊

• 𝜋𝑖 𝑖=1,…,𝐾



𝜙0 𝑑





𝜙0
•

•

•

•



•

•



find in which bin each 

sample falls
monitor the empirical bin 

probabilities by EWMA 

statistics Zj,tmeasure the deviation from 

the expected probabilities by 

Tt
detect a change when Tt

exceeds a threshold ht





T. M. Margavio et al. “Alarm Rates for Quality Control Charts”, Statistics & 

Probability Letters, 1995





[SPLL] L. Kuncheva “Change Detection in Streaming Multivariate Data Using 

Likelihood Detectors”, IEEE Transactions on Knowledge and Data Engineering, 2011

[Scan-B] S. Li et al. “M-Statistic for Kernel Change-Point Detection”, Advances in 
Neural Information Processing Systems, 2015

Goal: maintain the target ARL0 (i.e. 

approach the diagonal)



Goal 1: minimize the 

detection delay

Goal 2: maintain the target 

false alarm rates depending 

on the target ARL0





•

•

•

•

•

•

•

𝜋𝑖 = 1/𝐾

𝑇𝑅



•

•

•

•

•

•

•

𝑊 ∼ 𝑈(0,1)



• 𝜙0 𝑑 = 2, 8, 32, 64

• 𝜙0 → 𝜙1
𝜙1 𝒙 = 𝜙0 𝑄𝒙 + 𝒗 and sKL 𝜙0, 𝜙1 = 1

•

•

𝑊0 𝑊1 𝜙0 𝜙1











•

• 𝐾

•

•



•

•



•

•



•

•

Changes 𝜙0 → 𝜙1 are such that
𝜙1 𝒙 = 𝜙0 𝑄𝒙 + 𝒗 and sKL 𝜙0, 𝜙1 = 1





𝑑

𝑡

𝒙
(𝑡
)

……
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𝜙0 → 𝜙1
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→ 𝜙0



𝑑

𝜙0
𝜙1

SNR 𝜙0 → 𝜙1

• 𝑑

• sKL 𝜙0, 𝜙1



•

•

•

•

•



𝜙0 = 𝒩(𝜇0, Σ0) 𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗) 𝑄 ∈ ℝ𝑑×𝑑
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