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𝑡

• 𝑥𝑡

• ො𝑦𝑡

• 𝑦𝜏 𝜏 < 𝑡

•

ො𝑦𝑡

Model

Environment

𝑦𝜏, 𝜏 < 𝑡

𝑥𝑡



𝑡

• ො𝑦𝑡

• 𝑦𝑡

• 𝑙(𝑝𝑡 , 𝑦𝑡)

• 𝑥𝑡

•

ො𝑦𝑡

Model

Environment

𝑥𝑡

𝑙(𝑝𝑡, 𝑦𝑡)
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𝐾
ො𝑦 ∈ +,− {«𝑓𝑟𝑎𝑢𝑑», «𝑔𝑒𝑛𝑢𝑖𝑛𝑒»} 𝒙

𝐾 +

𝐾𝒙 𝐾 𝒙 ∈ {+,−}



𝑝𝐾(+|𝒙)
𝒙 𝐾

𝑝𝐾 + 𝒙 ≈ 1

𝐾𝒙 𝑝𝐾(+|𝒙)
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𝑋 = {𝒙𝟎, 𝒙𝟏, … , }

𝒳 𝒙𝑡 , 𝑦𝑡 ∼ 𝜙𝒙,𝑦

• 𝒙𝑡 𝑡 𝒙𝑡 ∈ ℝ𝑑

• 𝑦𝑡 𝑦𝑡 ∈ Λ



•

𝒙𝒕, 𝑦𝑡 ∼ 𝜙𝒙,𝑦
• 𝑇𝑅 = 𝒙0, 𝑦0 , … , 𝒙𝑛, 𝑦𝑛 𝐾

• 𝑇𝑅

𝑇𝑅

𝓧



𝒙 ො𝑦

ො𝑦 = 𝐾 𝒙

ො𝑦 = 𝑦

𝐾 𝜙𝒙,𝑦
𝑒 = #{ෝ𝑦𝑖 ≠ 𝑦𝑖 , 𝑖 ∈ 𝑅}

𝑅



Training

𝑇𝑅 = 𝒙, 𝑦 𝑖 , 𝑖 = 1, … ,𝑁, 𝒙, 𝑦 𝑖∼ 𝜙𝑥,𝑦

𝐾

𝒳 𝒳 ∼ 𝜙𝑥,𝑦













𝐼1 ∈ ℝ𝑟1×𝑐1

𝑥1 𝑇1

“ ”“ ”

𝑥2 𝑇2

•

• 𝑻𝒊

𝐱 ∈ ℝ2







𝒳 𝒳 ∼ 𝜙𝑥,𝑦

𝐾

(𝒙𝑡 , 𝑦𝑡)

ො𝑦𝑡 = 𝐾(𝒙𝒕)
𝒙𝒕 ∼ 𝜙𝒙



(𝒙𝑡 , 𝑦𝑡)

ො𝑦𝑡 = 𝐾(𝒙𝒕)

𝒳 𝒳 ∼ 𝜙𝑥,𝑦

𝐾

{ 𝒙𝒕, 𝑦𝑡 ∼ 𝜙𝒙,𝑦}

• 𝐾

𝑝 𝑇 =
1

𝑇


𝑡

𝑒𝑡

where 𝑒𝑡 = ቊ
0, if ො𝑦𝑡 = 𝑦𝑡
1, if ො𝑦𝑡 ≠ 𝑦𝑡

•

𝐾

𝑦𝝉

𝒙𝒕 ∼ 𝜙𝒙







𝒳

𝒙𝒕, 𝑦𝑡 ∼ 𝜙𝑡 𝒙, 𝑦

𝑡

𝜙𝑡 𝒙, 𝑦 ≠ 𝜙𝑡+1 𝒙, 𝑦

𝒳



𝜙𝒙,𝑦
0



𝜙𝒙,𝑦
1
𝜙𝒙,𝑦
1



𝜙𝒙,𝑦
0 → 𝜙𝒙,𝑦

1

𝜙𝒙,𝑦
0



𝜙𝒙,𝑦
0 → 𝜙𝒙,𝑦

1

𝜙𝒙,𝑦
1



𝜙𝒙,𝑦
0 → 𝜙𝒙,𝑦

1

𝜙𝒙,𝑦
1



𝐾𝑡
ො𝑦𝑡 = 𝐾𝑡 𝒙𝑡

1

𝑇


𝑡=1

𝑇

𝑒𝑡 , where 𝑒𝑡 = ቊ
0, if ො𝑦𝑡 = 𝑦𝑡
1, if ො𝑦𝑡 ≠ 𝑦𝑡





𝜙𝒙,𝑦 𝒙, 𝑦 = 𝜙𝑦|𝒙 𝑦|𝒙 𝜙𝒙 𝒙

𝜙𝑦|𝒙 𝑦|𝒙 𝜙𝒙 𝒙

• 𝜙𝑦|𝒙 𝑦|𝒙

• 𝜙𝒙 𝒙

•

•

•

•



𝜙𝜏+1 𝑦 𝒙 ≠ 𝜙𝜏 𝑦 𝒙

𝜙𝑡 𝑦|𝒙 𝜙𝑡 𝒙

𝜙𝜏+1 𝒙 ≠ 𝜙𝜏(𝒙)

𝑥

𝑡

class 1
class 2

𝜙0 𝜙1

𝜏



𝜙𝜏+1 𝑦 𝒙 ≠ 𝜙𝜏 𝑦 𝒙

𝜙𝑡 𝑦|𝒙 𝜙𝑡 𝒙

𝜙𝜏+1 𝒙 ≠ 𝜙𝜏(𝒙)



𝜙𝜏+1 𝑦 𝒙 ≠ 𝜙𝜏 𝑦 𝒙

𝜙𝑡 𝑦|𝒙 𝜙𝑡 𝒙

𝜙𝜏+1 𝒙 = 𝜙𝜏(𝒙)

𝑥

𝑡

class 1
class 2

𝜏

𝜙0 𝜙1



𝜙𝜏+1 𝑦 𝒙 = 𝜙𝜏 𝑦 𝒙 while 𝜙𝜏+1 𝒙 ≠ 𝜙𝜏 𝒙

𝜙𝑡 𝒙

𝑥

𝑡

class 1
class 2

𝜏

𝜙0 𝜙1



𝜙𝜏+1 𝑦 𝒙 = 𝜙𝜏 𝑦 𝒙

while 𝜙𝜏+1 𝒙 ≠ 𝜙𝜏 𝒙

𝜙𝑡 𝒙

𝜙𝜏+1 𝒙 ≠ 𝜙𝜏 𝒙



𝜙𝜏+1 𝑦 𝒙 = 𝜙𝜏 𝑦 𝒙

while 𝜙𝜏+1 𝒙 ≠ 𝜙𝜏 𝒙

𝜙𝑡 𝒙

𝜙𝜏+1 𝒙 ≠ 𝜙𝜏 𝒙

𝑝𝜏+1 𝑦 = 𝑐 ≠ 𝑝𝜏 𝑦 = 𝑐



𝜙𝜏+1 𝑦 𝒙 = 𝜙𝜏 𝑦 𝒙

while 𝜙𝜏+1 𝒙 ≠ 𝜙𝜏 𝒙

𝜙𝑡 𝒙

𝜙𝜏+1 𝒙 ≠ 𝜙𝜏 𝒙

𝜙𝜏+1 𝒙|𝑦 = 𝑐 ≠ 𝜙𝜏 𝒙|𝑦 = 𝑐



𝜙𝑡 𝒙, 𝑦 = ቊ
𝜙0 𝒙, 𝑦 𝑡 < 𝜏

𝜙1 𝒙, 𝑦 𝑡 ≥ 𝜏

𝒳

𝑥

𝑡

class 1
class 2

𝜏

𝜙0 𝜙1



𝜙𝑡 𝒙, 𝑦 = ቊ
𝜙0 𝒙, 𝑦 𝑡 < 𝜏

𝜙𝑡 𝒙, 𝑦 𝑡 ≥ 𝜏

𝑥

𝑡

class 1
class 2

𝜏

𝑝1𝜙0 𝜙𝑡



𝜙𝑡 𝒙, 𝑦 = ൞

𝜙0 𝒙, 𝑦 𝑡 < 𝜏0
𝜙𝑡 𝒙, 𝑦 𝜏0 ≤ 𝑡 < 𝜏1
𝜙1 𝒙, 𝑦 𝑡 ≥ 𝜏1

𝑥

𝑡

class 1
class 2

𝜏0

𝜙0 𝜙𝑡 𝜙1



𝜙𝑡 𝒙, 𝑦 =

𝜙0 𝒙, 𝑦 𝑡 < 𝜏0
𝜙1 𝒙, 𝑦 𝜏0 ≤ 𝑡 < 𝜏1

…
𝜙0 𝒙, 𝑦 𝑡 ≥ 𝜏𝑛

𝒳 𝜙0

𝑥

𝑡

class 1
class 2

𝜏0

𝜙1 𝜙1𝜙0𝜙0



𝜙𝑡 𝒙, 𝑦 = ቊ
𝜙0 𝒙, 𝑦 𝑜𝑟 𝜙1 𝒙, 𝑦 𝑡 < 𝜏

𝜙1 𝒙, 𝑦 𝑡 ≥ 𝜏

𝑥

class 1
class 2

𝜏 𝑡

𝜙1 𝜙1𝜙0𝜙0 𝜙1𝜙0





•

𝑥

𝑇𝑅
𝑡

class 1
class 2



•

• 𝐾

𝑥

𝑡

class 1
class 2

𝑇𝑅



•

• 𝐾

𝑥

𝑇𝑅
𝑡

(𝒙𝒕, 𝑦𝑡) are i.i.d.

class 1
class 2



•

• 𝐾

𝑥

𝑡

(𝒙𝒕, 𝑦𝑡) are i.i.d.

class 1
class 2



𝜙

𝑥

𝑡

Concept drift(𝒙𝒕, 𝑦𝑡) are i.i.d.
class 1
class 2

𝜏



𝜙

class 1
class 2

𝑥

𝑡

Concept drift(𝒙𝒕, 𝑦𝑡) are i.i.d.

𝜏



𝜙

𝑝𝑡

class 1
class 2

𝑥

𝑡

Concept drift(𝒙𝒕, 𝑦𝑡) are i.i.d.

𝑝𝑡

𝜏

𝜏



𝑥

𝑡

Concept drift(𝒙𝒕, 𝑦𝑡) are i.i.d.

class 1
class 2

𝑒𝑡

𝜏

𝜏
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•

• 𝜈

•











• 𝐾𝑡

• 𝐾𝑡



•

•

•

•

•

•



ො𝑦𝑡

Model

𝑦𝜏

𝑥𝑡

ො𝑦𝜏

𝑦𝜏

Change Detection
Test

Adaptation

Environment



•

• 𝑝𝑡

•



ො𝑦𝑡
ModelEnvironment

𝑥𝑡
Change Detection

Test
Adaptation



𝑥

𝑡



𝑥

𝑡

𝑥

𝑡



𝒙𝒕, 𝑦𝑡 ∼ 𝜙𝒙,𝑦
1 , 𝑡 > 𝜏0

𝒙𝒕, 𝑦𝑡 ∼ 𝜙𝒙,𝑦
0 , 𝑡 < 𝜏0



• 𝜙 𝒙

•

• 𝜙(𝒙)

• 𝜙 𝑦 𝒙

•



Change Detection
Test





𝒫𝑁

𝒫𝐴 ≠ 𝒫𝑁

•

•

•



𝒙 𝑡 , 𝑡 = 1,… , 𝒙 𝑡 ∈ ℝ𝑑

𝜏

𝒙 𝑡 ∼ ൜
𝜙0 𝑡 < 𝜏 in control state
𝜙1 𝑡 ≥ 𝜏 out of control state

,

{𝒙 𝑡 , 𝑡 < 𝜏} 𝜙0 ≠ 𝜙1

𝜙𝑜 → 𝜙1

𝑡

𝒙
(𝑡
)

……

𝜏

𝜙1𝜙0



𝒙 𝑡 , 𝑡 = 1,… , 𝒙 𝑡 ∈ ℝ𝑑

𝜏

𝒙 𝑡 ∼ ൜
𝜙0 𝑡 < 𝜏 in control state
𝜙1 𝑡 ≥ 𝜏 out of control state

,

{𝒙 𝑡 , 𝑡 < 𝜏} 𝜙0 ≠ 𝜙1

𝜙𝑜 → 𝜙1

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0

𝜏



𝜙𝑜 → 𝜙1 → 𝜙2 → 𝜙3 → 𝜙4

𝜙𝑜 𝜙1 𝜙2 𝜙3 𝜙4



• 𝒫𝑁

• 𝒫𝐴 ≠ 𝒫𝑁

•

•

•



𝒙 𝑡 , 𝑡 = 𝑡0, … , 𝒙 𝑡 ∈ ℝ𝑑

𝑥(𝑡) 𝜙𝑜

𝒙 𝑡 ∼ ൜
𝜙0 normal data
𝜙1 anomalies

,

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0 𝜙0



𝒙 𝑡 , 𝑡 = 𝑡0, … , 𝒙 𝑡 ∈ ℝ𝑑

𝑥(𝑡) 𝜙𝑜

𝒙 𝑡 ∼ ൜
𝜙0 normal data
𝜙1 anomalies

,

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0 𝜙0





𝜙0



𝜙0



𝜙0



𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0 𝜙0



𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0









•

•





𝑡

𝒙
(𝑡
)

……



𝑡

𝒙
(𝑡
)

……

𝑡

𝑆
(𝒙
)

…

𝛾



𝑡

𝒙
(𝑡
)

……

𝑡

𝑆
(𝒙
)

…

𝛾

𝑆 𝒙 > 𝛾



𝛾

𝑡

𝑆
(𝒙
)

…

𝛾

𝑆 𝒙 > 𝛾



𝛾

𝑡

𝑆
(𝒙
)

…

𝛾

𝑆 𝒙 > 𝛾



𝛾





𝑆(𝒙) > 𝛾

𝑃 𝑆(𝒙) > 𝛾 𝒙 ∼ 𝜙0)

𝑃(⋅)



𝛾

𝛼 = 0.01 → 𝛾 = ?

• 𝑆 𝛾
𝛼 − 𝑡ℎ 𝑆

𝜙0

•





𝑇𝑅 = 𝒙𝑖 , 𝑖 = 1,… ,𝑁, 𝒙 ∼ 𝜙0

𝐵

• 𝑇𝑅 𝑏𝑖 𝜈

• 𝑆𝑗 𝑏𝑗

• 𝑆𝑗

𝛼 − th
𝑆𝑗 , 𝑗 = 1, . . . , 𝐵

𝜙0



𝐴𝑅𝐿0
𝐴𝑅𝐿0 = E𝒙 Ƹ𝜏 𝒙 ∼ 𝜙0]



𝐴𝑅𝐿0
𝛾

𝜙𝑥
0𝐴𝑅𝐿0 = 5000 → 𝛾?

𝑆
𝜙𝑥
0



𝜙0 𝜙1



𝜙𝜃

𝐻0: 𝜃 = 𝜃0 𝐻1: 𝜃 = 𝜃1

Λ 𝑥 =
𝜙1(𝑥)

𝜙0(𝑥)

Λ 𝑥 > 𝛾 𝛾



Λ(𝒙)

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0 𝜙0

𝑡

𝛬
(𝒙
)

…

𝛾

𝜙1(𝑥0)

𝜙0(𝑥0)

𝑥0



log Λ 𝑥 = log
𝜙1(𝑥)

𝜙0(𝑥)
= ቊ

< 0 when 𝜙0 𝑥 > 𝜙1(𝑥)
> 0 otherwise

𝑆 𝑡 = max 0, 𝑆 t − 1 + log Λ 𝑥(𝑡)

𝑆(𝑡) > γ



Λ(𝒙)

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0

𝑡

𝑆
𝑡

+

…

𝛾



𝜙0 𝜙1



•

• 𝑝𝑡

•

ො𝑦𝑡

Model
𝑦𝜏

𝑥𝑡

ො𝑦𝜏

𝑦𝜏

Change 
Detection

Test

Adaptation

Environment



𝑒𝑡 ∼ Bernulli(𝜋0)

𝜋0

𝑒𝑡



𝑡=𝑇−𝜈

𝑇

𝑒𝑡 ∼ ℬ 𝜋0, 𝜈

𝜈

𝑝𝑡 =
1

𝜈


𝑡=𝑇−𝜈

𝑇

𝑒𝑡 ∼
1

𝜈
ℬ 𝑝𝑡 , 𝜈 ≈ 𝒩 𝑝𝑡 ,

𝑝𝑡 1 − 𝑝𝑡
𝜈





•



•

•



𝑝𝑖 𝜎𝑖 =
𝑝𝑖 1 −𝑝𝑖

𝑖

𝑡

𝑥

𝑡

𝑝𝑖 + 𝜎𝑖



𝑝𝑖 𝜎𝑖 =
𝑝𝑖 1 −𝑝𝑖

𝑖

𝑝min 𝑖 𝜎min =
𝑝min 1 −𝑝min

𝑖

𝑡

𝑝𝑖 + 𝜎𝑖

𝑝min + 𝜎min



𝑝𝑖 𝜎𝑖 =
𝑝𝑖 1 −𝑝𝑖

𝑖

𝑝min 𝑖 𝜎min =
𝑝min 1 −𝑝min

𝑖

𝑝𝑖 + 𝜎𝑖 > 𝑝min + 3 ∗ 𝜎min

𝑝𝑖 + 𝜎𝑖

𝑝min + 𝜎min

𝑝𝑖 + 2𝜎𝑖

𝑡



Adaptation



𝑝𝑖 𝜎𝑖 =
𝑝𝑖 1 −𝑝𝑖

𝑖

𝑝min 𝑖 𝜎min =
𝑝min 1 −𝑝min

𝑖

𝑝𝑖 + 𝜎𝑖 > 𝑝min + 2 ∗ 𝜎min

𝑝𝑖 + 𝜎𝑖 > 𝑝min + 3 ∗ 𝜎min

𝑝𝑖 + 𝜎𝑖

𝑝min + 𝜎min

𝑝min + 3𝜎𝑖

𝑝min + 2𝜎𝑖

𝑡



𝑡

𝑥

𝑝𝑖 + 𝜎𝑖

𝑝min + 𝜎min

𝑝𝑖 + 3𝜎𝑖

𝑝𝑖 + 2𝜎𝑖

𝑡

𝑇𝑅



𝑝min + 𝜎min

𝑝𝑖 + 3𝜎𝑖

𝑝𝑖 + 2𝜎𝑖

𝑡

𝑝𝑖 + 𝜎𝑖



Adaptation



•

•



𝑍𝑡 = 1 − 𝜆 𝑍𝑡−1 + 𝜆 𝑒𝑡 , 𝑍0 = 0

𝒙𝒕, 𝑦𝑡 ∼ 𝜙0(𝒙, 𝑦) 𝐸 𝑍𝑡 = 𝑝0

𝜙0 → 𝜙1 𝑝1 > 𝑝0

𝜆
𝑍𝑡 𝑝1



𝑍𝑡 > 𝑝0 + 𝐿 𝜎𝑍𝑡

𝜎𝑍𝑡

std 𝑍𝑡 = 𝜎0
𝜆

2 − 𝜆
1 − 1 − 𝜆 2𝑡

𝜎0



𝑍𝑡 > 𝑝0 + 𝐿 𝜎𝑍𝑡

𝑝0 𝜎0

𝐿 𝐴𝑅𝐿0



𝑝0 𝜎0 = 𝑝0(1 − 𝑝0)

𝑝0 Ƹ𝑝0,𝑡 𝑡

Ƹ𝑝0,𝑡 =
𝑡

𝑡 + 1
Ƹ𝑝0,𝑡−1 +

1

𝑡 + 1
𝑒𝑡

Ƹ𝑝0,𝑡
ො𝜎0,𝑡
2 = Ƹ𝑝0,𝑡(1 − Ƹ𝑝0,𝑡)

ො𝜎0,𝑡)

ො𝜎𝑍𝑡 = ො𝜎0,𝑡
𝜆

2 − 𝜆
1 − 1 − 𝜆 2𝑡



𝑝0 𝜎0
𝑍𝑡 > Ƹ𝑝0,𝑡 + 𝐿 ො𝜎𝑍𝑡

𝐴𝑅𝐿0
𝑍𝑡 > Ƹ𝑝0,𝑡 + 𝐿𝑡 ො𝜎𝑍𝑡

𝐿𝑡 𝑡 Ƹ𝑝0,𝑡

𝐿 𝑝0 𝐴𝑅𝐿0

𝐴𝑅𝐿0 𝑝0 𝐿



𝑓: 𝑃0, 𝐴0 → 𝐿

𝐿 𝐴𝑅𝐿0 = 𝛼0 𝑝0 = 𝑃0

ෝ𝒑𝟎,𝒕



𝑍𝑡

𝑍𝑡 > 𝑝0,𝑡 + 0.5 𝐿𝑡𝜎𝑡







•

•

•

•

•













http://mathesaurus.sourceforge.net/matlab-python-xref.pdf
https://trovo.faculty.polimi.it/02source/olam_2020/matlab-for-dummies.pdf


mailto:giacomo.boracchi@polimi.it


𝑡

𝒮(𝑊0,𝑊𝑡)
• 𝑊0

• 𝑊𝑡

• 𝒯

𝑥

𝑡

𝑥

𝑊0 𝑊𝑡



𝑊𝑡 𝑊0

• 𝑊0 𝑝0 = σ𝑊0
𝜖𝑡

• 𝑊𝑡 𝑝𝑡 = σ𝑊𝑡
𝜖𝑡

𝐻0 = {𝑝𝑡 ≤ 𝑝0}

𝑥

𝑡

𝑥

𝑊0 𝑊𝑡



𝑊𝑡 𝑊0

𝑊𝑡

𝑥

𝑡

𝑥

𝑊0 𝑊𝑡



𝐻0
𝑊𝑡

𝜙0

• 𝛼

• 𝑊𝑡

• 𝑊0 𝐾
𝑝0

𝑥

𝑡

𝑥

𝑊0 𝑊𝑡



𝐻0
𝑊𝑡

𝜙0

• 𝛼

• 𝑊𝑡

• 𝑊0 𝐾
𝑝0

𝑥

𝑡

𝑥

𝑊0 𝑊𝑡



•

• 𝑇𝑅 𝑇𝑆

H0: "equal average error of the two classifiers"

𝑇𝑅 𝑇𝑆



•

•

• 𝑊𝑡

•

•



𝜙0 𝜙1

Change Detection 
Test



• 𝜙 𝒙

•

• 𝜙(𝒙)

• 𝜙 𝑦 𝒙

•

ො𝑦𝑡
ModelEnvironment

𝑥𝑡 Change 
Detection

Test
Adaptation





𝑡

𝒮(𝑊0,𝑊𝑡)
• 𝑊0

• 𝑊𝑡

• 𝒯

𝑥

𝑊0 𝑊𝑡



• 𝑊0 𝑊0 ⊂ 𝑇𝑅

• 𝑊𝑡

• 𝛾

𝒮 𝑊0,𝑊𝑡 ≶ 𝛾

𝑥

𝑊0 𝑊𝑡



• 𝑊0 𝑊0 ⊂ 𝑇𝑅

• 𝑊𝑡

• 𝛾

𝒯 𝑊0,𝑊𝑡 ≶ 𝛾

𝑥

𝑊0 𝑊𝑡



𝑊

• 𝑊
• 𝑡 > 0

𝑊 ← 𝑊 ∪ {𝑥𝑡} 𝑥𝑡 𝑊
• 𝑊

|𝜇0 − 𝜇1 | < 𝜖
𝑊 𝑊 = [𝑊0,𝑊1]

• µ𝑊

𝑊 = 101010110111111



𝑊

𝑊 = 101010110111111
𝑊0 = 1, 𝑊1 = 01010110111111

𝜇0 𝜇1
• 𝑊
• 𝑡 > 0

𝑊 ← 𝑊 ∪ {𝑥𝑡} 𝑥𝑡 𝑊
• 𝑊

|𝜇0 − 𝜇1 | < 𝜖
𝑊 𝑊 = [𝑊0,𝑊1]

• µ𝑊



𝑊

𝑊 = 101010110111111
𝑊0 = 1, 𝑊1 = 01010110111111
𝑊0 = 10, 𝑊1 = 1010110111111

…
𝑊0 = 101010110, 𝑊1 = 111111

|𝜇0 − 𝜇1 | ≥ 𝜖

• 𝑊
• 𝑡 > 0

𝑊 ← 𝑊 ∪ {𝑥𝑡} 𝑥𝑡 𝑊
• 𝑊

|𝜇0 − 𝜇1 | < 𝜖
𝑊 𝑊 = [𝑊0,𝑊1]

• µ𝑊



𝑊0 𝑊𝑡

•



𝑊0 𝑊𝑡

•

•



𝑊0 𝑊𝑡

•

•

•





•

•

•

•

•



𝜙0 𝜙1 𝜃0
𝜃1 𝜙0 → 𝜙1 𝜃0 → 𝜃1

𝜙0 𝜙1 𝜙0 →
𝜙1

𝐴𝑅𝐿0



• {𝑥𝑡}
𝜏

•





𝑋
𝜏

𝒮𝑡
𝐴𝑡 , 𝐵𝑡 ⊂ 𝑋 𝑡

𝑋



• 𝑡

• 𝐴𝑡, 𝐵𝑡 ⊂ 𝑋,
𝑡

• 𝒮𝑡

•

𝑡

𝐴𝑡 𝐵𝑡



• 𝑡

• 𝐴𝑡, 𝐵𝑡 ⊂ 𝑋,
𝑡

• 𝒮𝑡

•

𝑡

𝐴𝑡 𝐵𝑡



• 𝑡

• 𝐴𝑡, 𝐵𝑡 ⊂ 𝑋,
𝑡

• 𝒮𝑡

•

𝑡

𝐴𝑡 𝐵𝑡



• 𝑡

• 𝐴𝑡, 𝐵𝑡 ⊂ 𝑋,
𝑡

• 𝒮𝑡

•

𝑡

𝐴𝑡 𝐵𝑡



𝑡

𝑡

𝒮𝑡

𝐴𝑡 𝐵𝑡



ℎ1000,𝛼
𝒮max,1000 𝛼

𝐴𝑅𝐿0

𝒮max,1000

ℎ1000,𝛼



∀ 𝑇 ∈ [1,𝑁]

• 𝐴𝑡 = 𝑥 𝑢 , 0 ≤ 𝑢 < 𝑡 𝐵𝑡 = 𝑥 𝑢 , 𝑡 ≤ 𝑢 ≤ 𝑁

•

𝒮𝑡 = 𝒮(𝐴𝑡 , 𝐵𝑡)

• 𝑥 𝑡 𝑡

𝒮max,𝑁 = max
𝑡
( 𝒮𝑡) > 𝛾𝑁

𝛾𝑁

•

Ƹ𝜏 = argmax
𝑡

( 𝒮𝑡) > 𝛾𝑁



𝛾𝑁
𝓢𝒎𝒂𝒙,𝑵

𝒮max,𝑁

𝓢𝒕,𝑵

•

• 𝒮
𝜙0

•



𝛾𝑁

𝛼%

•

• 𝒮max,𝑁

•



𝛾𝑁

𝛼%

•

• 𝒮max,𝑁

•

• 𝜙0
• 𝑁
• 𝛼



𝛾𝑁

𝛼%

•

• 𝒮max,𝑁

•

• 𝜙0
• 𝑁
• 𝛼

𝝓𝟎 𝑵





•

•

•

•

•

𝜙0 𝜙1

𝜓 𝑆
𝜙0



𝜙0

• 𝜙1 𝑥 = 𝜙0(𝑥 + δ)

• 𝜙1 𝑥 = 𝜙0(𝛿𝑥)

𝜙1 𝜙0



𝑟𝑘 𝑥 𝑖 =

𝑖≠𝑗

𝐼(𝑥 𝑖 > 𝑥(𝑗))

• 𝐴, 𝐵

• 𝜙0 𝑥(𝑡)



𝑁

𝐴 𝐴,𝐵 ,
[𝐴, 𝐵]

𝐸 

𝑥 𝑡 ∈𝐴

𝑟(𝑥(𝑡)) = #𝐴 ∗
#[𝐴, 𝐵] + 1

2

𝑈
𝐴 [𝐴, 𝐵]



𝑥 𝑡 ∈𝐴

𝑟(𝑥(𝑡))

#𝐴 ∗
#[𝐴,𝐵]+1

2

m = length(A(:)); n = length(B(:)); 

N = m + n;

% row vector containing both dataset

D = [A(:); B(:)]';

% labels, 

L = [ones(1, m) , zeros(1, n)];

[~, indx] = sort(D);

V = L(indx);

xx =[1 : size(D, 2)] ;

% U: Wilcoxon / Mann-Whitney statistic

U = xx * V';

%% compute normalization terms

mu = m * (N + 1) / 2;

sigma =  m * n * (N + 1)  / 12;

%% compute the normalized test statistic

U = abs(U - mu) / sqrt(sigma);



𝑁

𝐴 𝐴,𝐵 ,
[𝐴, 𝐵]

𝐸 

𝑥 𝑡 ∈𝐴

𝑟(𝑥(𝑡)) = #𝐴 ∗
#[𝐴, 𝐵] + 1

2

𝑈
𝐴 [𝐴, 𝐵]



𝑥 𝑡 ∈𝐴

𝑟(𝑥(𝑡))

#𝐴 ∗
#[𝐴,𝐵]+1

2

m = length(A(:)); n = length(B(:)); 

N = m + n;

% row vector containing both dataset

D = [A(:); B(:)]';

% labels, 

L = [ones(1, m) , zeros(1, n)];

[~, indx] = sort(D);

V = L(indx);

xx =[1 : size(D, 2)] ;

% U: Wilcoxon / Mann-Whitney statistic

U = xx * V';

%% compute normalization terms

mu = m * (N + 1) / 2;

sigma =  m * n * (N + 1)  / 12;

%% compute the normalized test statistic

U = abs(U - mu) / sqrt(sigma);

𝐴 ∼ 𝜙0 𝐵 ∼ 𝜙0 ⋅ −𝛿
𝐵 𝛿 > 0)
𝛿 < 0 𝐴



𝑁

𝐸[𝑟 𝑥 𝑡 ) =
𝑁 + 1

2

𝐻0
(𝑁 + 1)/2

𝑀

m = length(A(:)); n = length(B(:));

N = m + n;

% row vector containing both dataset

D = [A(:); B(:)]';

% compute the rank

[vs, vi] = sort(D);

[x, r] = sort(vi);

% Mood Statistic,

M = sum((r(1 : m) - (N + 1) / 2).^2);

% Expectation of Mood Stats 

mu = m * (N^2 - 1) / 12;

% Standard deviation of Mood Stats

sigma =  m*n*(N + 1)*(N - 2)* (N+2) / 180;

%% compute the normalized test statistic

M = abs((M - mu)) / sqrt(sigma);



𝑁

𝐸[𝑟 𝑥 𝑡 ) =
𝑁 + 1

2

𝐻0
(𝑁 + 1)/2

𝑀

m = length(A(:)); n = length(B(:));

N = m + n;

% row vector containing both dataset

D = [A(:); B(:)]';

% compute the rank

[vs, vi] = sort(D);

[x, r] = sort(vi);

% Mood Statistic,

M = sum((r(1 : m) - (N + 1) / 2).^2);

% Expectation of Mood Stats 

mu = m * (N^2 - 1) / 12;

% Standard deviation of Mood Stats

sigma =  m*n*(N + 1)*(N - 2)* (N+2) / 180;

%% compute the normalized test statistic

M = abs((M - mu)) / sqrt(sigma);

𝐴 ∼ 𝜙0 𝐵 ∼ 𝜙0 𝛿 ⋅
𝐵 𝛿 > 1)

𝛿 < 1 𝐴

𝑀



𝜙0 𝜙1

𝐴𝑅𝐿0

𝐿 = 𝑈2 + 𝑊2



𝑥 1 ,… , 𝑥 𝑁 ,…

• 𝑇

• Ƹ𝜏



•

•

𝛾𝑁



𝒮max,𝑡

𝛾𝑡
𝑃 𝒮max,𝑡 > 𝛾𝑡 | 𝒮max,𝑡−1 < 𝛾𝑡−1, … , 𝒮max,1 < 𝛾1 < 𝛼

𝑃(𝒮max,𝑡 > 𝛾𝑡 | 𝑥 ∼ 𝜙0) = 𝛼 𝑡

𝐴𝑅𝐿0 𝛼

𝛼 =
1

𝐴𝑅𝐿0



𝛼

𝐷 5000
𝝍 𝑁(0, 1))

𝒮 𝜙0

• 𝑡 = 1,…

• 𝐷 𝒮max,𝑡

• 𝛾𝑡 𝐷

𝑃 𝒮max,𝑡 > 𝛾𝑡 | 𝒮max,𝑡−1 < 𝛾𝑡−1, … , 𝒮max,1 < 𝛾1 < 𝛼

• 𝐷 𝒮max,𝑡 > 𝛾𝑡

• 𝛾𝑡 𝑡



𝛾𝑡



•

•

•





𝑊𝑤,𝑡

𝑚



𝑊𝑤,𝑡



𝑊𝑤,𝑡



𝑟 𝑥𝑡 = 𝑟𝑤 𝑥𝑡 +

𝑖=1

𝑚

𝑐𝑖 𝐼 𝑥𝑡 > 𝑣𝑗 − 1

𝑊

𝑐1

𝑐12

𝑐20

𝑊𝑤,𝑡

𝑣12𝑣1



𝑡 > 𝑤

𝜏 𝑊𝑤,𝑡

𝜏 = argmax
𝑡∈𝑊𝑤,𝑡

𝑆𝑡



•

•

•

•

•







𝑇𝑅

𝜙0 → 𝜙1
𝜙0

𝑡

𝒙
(𝑡
)

…

𝑇𝑅



• 𝐴𝑅𝐿0

•

•





𝜙0 𝜙0

𝒯

𝒯



𝑡

𝒙
(𝑡
)

…

𝜙1𝜙0

…



𝑡

…

𝜙0

𝑡

𝒙
(𝑡
)

…

𝜙1𝜙0

…

ℒ
𝒙
𝑡



𝑡

…

𝜙0

𝑡

𝒙
(𝑡
)

…

𝜙1𝜙0

…

ℒ
𝒙
𝑡



𝑡

…

𝛾𝑡

ℒ 𝒙 𝑡 ≷ 𝛾𝑡
𝜙0

𝑡

𝒙
(𝑡
)

…

𝜙1𝜙0

…

ℒ
𝒙
𝑡



𝜙0 𝑇𝑅

•

•

ℒ 𝒙 𝑡 = −log( 𝜙0(𝒙(𝑡)))

ℒ 𝒙 𝑡 > 𝛾



𝜙0 𝑇𝑅

•

•

ℒ 𝒙 𝑡 = −log( 𝜙0(𝒙(𝑡)))

ℒ 𝒙 𝑡 > 𝛾



𝜙0 𝑇𝑅

𝜙0 = fit_density_model 𝒙 𝑡 , 𝑡 = 1,… ,𝑁

𝒙(𝑡)

{−log( 𝜙0(𝒙(𝑡))) , 𝑡 = 1,… , }



𝜙0 𝑇𝑅
𝑅
𝜙0

𝜙0 = fit_density_model 𝒙 𝑡 , 𝑡 = 1,… ,𝑁 − 𝑅

𝑇𝑅1 = −log 𝜙0 𝒙 𝑡 , 𝑡 = 𝑁 − 𝑅 + 1,… ,𝑁

𝑊𝑡

𝑇𝑆 = −log 𝜙0 𝒙 𝑡 , 𝑡 ∈ 𝑊𝑡

𝑇𝑅1 𝑇𝑆



𝜙0 𝑇𝑅

•

•

•

𝒮 𝑡 = log
𝜙1 𝒙 𝑡

𝜙0 𝒙 𝑡
+ 𝒯 𝑡 − 1

+

•

𝒮 𝑡 > 𝛾





ℎ0 𝒳 ⊂ ℝ𝑑

ℎ0 𝒳 = 𝑆𝑘 , 𝑝𝑘
0

𝑘=1,…,𝐾

𝑆𝑘 𝑘 𝒳 𝑆𝑘 ⊂ 𝒳

ራ

𝑘

𝑆𝑘 = 𝒳 and 𝑆𝑗 ∩ 𝑆𝑖 = 𝛿𝑖,𝑗

𝑝𝑘
0 ∈ [0,1] 𝑇𝑅
𝜙0 𝑆𝑘

𝑝𝑘
0 =

𝑚𝑘

𝑁

𝑁 = #𝑇𝑅



𝜙0 𝑇𝑅

𝑡

𝒙
(𝑡
)

…

𝑇𝑅

𝜙0



•

•



𝜙0

𝜙0 = 𝑆𝑘 , 𝑝𝑘
0

𝑘=1,…,𝐾
𝑇𝑅

ℒ 𝒙 𝑡 = 𝜙0 𝒙 𝑡

ℒ 𝒙 𝑡 , 𝑡 = 1,…



𝜙0

𝜙0 = 𝑆𝑘 , 𝑝𝑘
0

𝑘=1,…,𝐾
𝑇𝑅

ℒ 𝒙 𝑡 = 𝜙0 𝒙 𝑡 = 𝑝𝑘
0 s. t. 𝒙 𝑡 ∈ 𝑆𝑘

ℒ 𝒙 𝑡 , 𝑡 = 1,…



𝜙0

𝜙0 = 𝑆𝑘 , 𝑝𝑘
0

𝑘=1,…,𝐾
𝑇𝑅

ℒ 𝒙 𝑡 = 𝜙0 𝒙 𝑡 = 𝑝𝑘
0 s. t. 𝒙 𝑡 ∈ 𝑆𝑘

ℒ 𝒙 𝑡 , 𝑡 = 1,…

𝑡

𝒙
(𝑡
)

…

ℒ
𝒙
𝑡

…



𝜙0
• 𝜙0 = 𝑆𝑘 , 𝑝𝑘

0
𝑘=1,…,𝐾

𝑇𝑅

• 𝑊

• 𝜙1 = 𝑆𝑘 , 𝑝𝑘
1

𝑘=1,…,𝐾
𝑊

• 𝜙0 𝜙1 𝑑

• 𝑑 𝜙0, 𝜙1

𝑡

𝒙
(𝑡
)

…
𝑇𝑅

𝜙0 𝜙1

𝑊

𝑑( 𝜙0, 𝜙1)



𝜙0
• 𝜙0 = 𝑆𝑘 , 𝑝𝑘

0
𝑘=1,…,𝐾

𝑇𝑅

• 𝑊

• 𝜙1 = 𝑆𝑘 , 𝑝𝑘
1

𝑘=1,…,𝐾
𝑊

• 𝜙0 𝜙1 𝑑

• 𝑑 𝜙0, 𝜙1

𝑡

𝒙
(𝑡
)

…
𝑇𝑅

𝜙0 𝜙1

𝑊

𝑑( 𝜙0, 𝜙1)

𝜙0



𝑑 𝜙0, 𝜙1 ≷ 𝛾

• 𝛾 𝑑 𝜙0, 𝜙1

• 𝛾



𝑊 {𝑆𝑘}

𝑝𝑘
𝑊 =

#{𝒙𝑖 ∈ 𝑆𝑘 ∩𝑊}

𝜈

ℎ0 ℎ𝑊

𝑑𝑇𝑉 ℎ0, ℎ𝑊 =
1

2


𝑘

|𝑝𝑘
0 − 𝑝𝑘

𝑊| (total variation)

𝑑𝑃𝑆 ℎ0, ℎ𝑊 = 𝜈

𝑘

𝑝𝑘
0 − 𝑝𝑘

𝑊 2

𝑝𝑘
0 (Pearson)

𝑑𝑇𝑉 𝑑𝑃
𝜒



•

•

• 𝑑 𝑞𝑑

•



•

•

• 𝑑 𝑞𝑑

•
𝑆𝑘 𝑘



supp(𝑇𝑅) 𝑞

𝑞𝑑 𝑆𝑘

𝑞 = 1/3

1

3
range(X1)

1 3
ra
n
ge
(X

2
)



supp(𝑇𝑅) 𝑞

𝑞𝑑 𝑆𝑘

𝑞 = 1/3

1

3
range(X1)

1 3
ra
n
ge
(X

2
)

supp 𝑇𝑅

𝑆𝐾 = 𝑇𝑅, 𝑝𝐾
0 = 0

𝐾 = 𝑞𝑑 + 1



𝑆𝑘 𝑘

𝑝𝑘
0 ≈

1

𝐾
, 𝑘 = 1, . . , 𝐾

𝑞𝑑

ത𝑋

𝑞 = 1/3

𝑁

9



𝑆𝑘 𝑘

𝑝𝑘
0 ≈

1

𝐾
, 𝑘 = 1, . . , 𝐾

𝑞𝑑

ത𝑋

𝑞 = 1/3

𝑁

9





• 𝑇𝑃𝑅 =
# anomalies detected

# anomalie𝑠

• 𝐹𝑃𝑅 =
# normal samples detected

# normal samples

• 𝐹𝑁𝑅 = 1 − 𝑇𝑃𝑅

• 𝑇𝑁𝑅 = 1 − 𝐹𝑃𝑅

•
# anomalies detected

# detections

• 𝑇𝑃𝑅



𝑻𝑷𝑹 𝑭𝑷𝑹



𝑻𝑷𝑹 𝑭𝑷𝑹

𝑇𝑃𝑅, 𝐹𝑃𝑅

𝑇𝑃𝑅 𝐹𝑃𝑅

# anomalies detected + # normal samples not detected

# samples

2# anomalies detected

# detections + # anomalies



• 𝐹𝑃𝑅 = 0%,

• 𝑇𝑃𝑅 = 100%

(𝐹𝑃𝑅, 𝑇𝑃𝑅)



𝑇

𝐴𝑅𝐿0 = E
𝑥
𝑇 | 𝜙0

𝐴𝑅𝐿1 = E
𝑥
𝑇 | 𝜙1

𝜙0 → 𝜙1

𝐴𝑅𝐿0 𝐴𝑅𝐿1

𝐴𝑅𝐿0



𝐴𝑅𝐿0 𝐴𝑅𝐿1

𝜏

𝐷𝐷 = E
𝑥
𝑇 − 𝜏 | 𝑇 ≥ 𝜏, 𝜙1

• 𝐹𝑃𝑅 =
# normal sequences where a change was detected

# normal sequences

• 𝐹𝑁𝑅 =
# sequences where change was not detected

# changed sequences



•

𝐹𝑁𝑅 = 0%

•

•





• 𝜙0 𝑇𝑅0, 𝑇𝑅 =
𝑇𝑅0 ∪ 𝑇𝑅1 𝑇𝑅1

•

−log( 𝜙0(𝒙(𝑡)))

•





𝜙0



𝜙0







•

defineExperimentParameters, 

m.

•

•







𝜙0 𝜙0
•

•

𝒯

• 𝜙0

• 𝜙1

𝒯

•

•



•

•

(𝑑 > 1) 𝑑 ≫ 1

• 𝜙0 𝜙0

•

•

•



𝜙0
•

•

•

•



𝜙0



𝜙0

𝜙0
•

•

•

•

•

•

•



𝑥 1
(𝑡
)

𝒙
(𝑡
)

…

𝑡

𝑡

…

𝑡

𝑥
2
(𝑡
)

𝑥
𝑑
(𝑡
)



𝜙0 𝜙1

𝑥 1
(𝑡
)

𝒙
(𝑡
)

…

𝑡

𝑡

…

𝑡

𝑥
2
(𝑡
)

𝑥
𝑑
(𝑡
)



𝜙0 → 𝜙1 𝜙0

|
𝒙
|

𝒙
(𝑡
)

…

𝑡

𝑡

…

𝑡

d
is

p
.

…



𝜙0 → 𝜙1 𝜙0

|
𝒙
|

𝒙
(𝑡
)

…

𝑡

𝑡

…

𝑡

d
is

p
.

…



𝑑

• 𝜙0 𝜙0

•

•

•

•
𝑑 > 1

•

•

•





𝜋𝑖 𝑖=1,..,𝐾

𝑇𝑅

𝑇𝑅



𝑗 𝑆1
1 − 𝜋1 𝑗

𝜋
1

𝑆1

𝒳2



𝑆1

𝑆2



𝑆1

𝑆2

𝑆3



𝑆1

𝑆2

𝑆3

𝑆4



𝑆1

𝑆2

𝑆3

𝑆4 𝑆5





𝜋𝑖 1 − 𝜋𝑖





𝑇ℎ(⋅)
ℎ

𝑊 ∼ 𝜙0 𝑇ℎ 𝑊

• 𝑁

• 𝑊

• 𝜋𝑖 𝑖=1,…,𝐾



𝜙0 𝑑





𝜙0
•

•

•

•





•

•



•

•







𝑑

𝑡

𝒙
(𝑡
)

……

𝜙1𝜙0

𝜏

𝑑



𝑑

𝑡

𝒙
(𝑡
)

……

𝜏

𝜙1𝜙0

𝑑



𝑑

𝑡

𝒙
(𝑡
)

……

𝜏

𝜙1𝜙0

𝑑



𝑑

𝜙0 𝜙1



𝑑

• 𝜙0 𝜙1

•



•

•

•

•

•



𝜙0 𝑇𝑅

ℒ 𝒙 𝑡 = −log( 𝜙0(𝒙(𝑡)))

ℒ 𝒙 𝑡 , 𝑡 = 1,…

𝑡

𝒙
(𝑡
)

…

ℒ
𝒙
𝑡

…



•

•

•

•

•



SNR 𝜙0 → 𝜙1 =

E
𝒙∼𝜙0

ℒ(𝒙) − E
𝒙∼𝜙1

ℒ(𝒙)
2

var
𝒙∼𝜙0

ℒ(𝒙) + var
𝒙∼𝜙1

ℒ(𝒙)

𝜙0 → 𝜙1
E ℒ(𝒙)

𝑡

ℒ
𝒙
𝑡

E
𝒙∼𝜙0

ℒ(𝒙)

E
𝒙∼𝜙1

ℒ(𝒙)



•

•

•

•

•



𝜙0 → 𝜙1

sKL 𝜙0, 𝜙1 = KL 𝜙0, 𝜙1 + KL 𝜙1, 𝜙0 =

= න log
𝜙0 𝒙

𝜙1 𝒙
𝜙0 𝒙 𝑑𝒙 +න log

𝜙1 𝒙

𝜙0 𝒙
𝜙1 𝒙 𝑑𝒙

sKL 𝜙0, 𝜙1 𝜙0 →
𝜙1 sKL 𝜙0, 𝜙1

𝜙0 → 𝜙1 𝜙1 →
𝜙0



𝑑

𝜙0
𝜙1

SNR 𝜙0 → 𝜙1

• 𝑑

• sKL 𝜙0, 𝜙1



•

•

•

•

•



𝜙0 = 𝒩(𝜇0, Σ0) 𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗) 𝑄 ∈ ℝ𝑑×𝑑

𝒗 ∈ ℝ𝑑

SNR 𝜙0 → 𝜙1 <
𝐶

𝑑

𝐶 sKL 𝜙0, 𝜙1



𝜙0 = 𝒩(𝜇0, Σ0) 𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗) 𝑄 ∈ ℝ𝑑×𝑑

𝒗 ∈ ℝ𝑑

SNR 𝜙0 → 𝜙1 <
𝐶

𝑑

𝐶 sKL 𝜙0, 𝜙1

• sKL 𝜙0, 𝜙1
𝑑

•

•

• 𝜙0



𝜙0 = 𝒩(𝜇0, Σ0) 𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗) 𝑄 ∈ ℝ𝑑×𝑑

𝒗 ∈ ℝ𝑑

SNR 𝜙0 → 𝜙1 <
𝐶

𝑑

𝐶 sKL 𝜙0, 𝜙1



𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)

• 𝜙0 +𝒗

𝜙0

𝜙1



𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)

• 𝜙0 +𝒗

• 𝒙 𝑄𝒙

𝜙0

𝜙1



𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗)

• 𝜙0 +𝒗

• 𝒙 𝑄𝒙

𝜙0
| 𝒙 |

𝜙0

𝜙1



𝜙0 = 𝒩(𝜇0, Σ0) 𝜙1 𝒙 = 𝜙0(𝑄𝒙 + 𝒗) 𝑄 ∈ ℝ𝑑×𝑑

𝒗 ∈ ℝ𝑑

SNR 𝜙0 → 𝜙1 <
𝐶

𝑑

𝐶 sKL 𝜙0, 𝜙1



𝜙0 = 𝒩(𝜇0, Σ0)

•

•

• ℒ ⋅



•

•

•

•

•



• 𝑑

• 𝜙0

• 𝜙0 → 𝜙1
𝜙1 𝒙 = 𝜙0 𝑄𝒙 + 𝒗 and sKL 𝜙0, 𝜙1 = 1

• 𝑉0 𝑉1

𝑡𝑡

𝒙
(𝑡
)

𝑉1𝑉0



• ℒ 𝜙0(𝒙) 𝑉0 𝑉1, 𝑊0 𝑊1

• 𝒯(𝑊0,𝑊1)

•

𝒯 𝑊0,𝑊1 ≶ ℎ

ℎ

•

𝑡

ℒ
𝒙
𝑡

𝑊1𝑊0

𝑡

ℒ
𝒙
𝑡



• 𝜙1

• log(𝜙0(⋅))

• log(𝜙0(⋅))

• 𝑑

•

•

Gaussians

Lepage log(𝜙0(⋅))

Lepage log( 𝜙0(⋅))

t-test  log(𝜙0(⋅))

t-test  log( 𝜙0(⋅))



Particle Wine



• 𝜙1
sKL 𝜙0, 𝜙1 ≈ 1

• 𝜙0 𝑘

• ℒ(⋅)

•

•

Particle


